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The correlation functions related to topological phase transitions in inversion-symmetric lattice
models described by 2×2 Dirac Hamiltonians are discussed. In one dimension, the correlation
function measures the charge-polarization correlation between Wannier states at different positions,
while in two dimensions it measures the itinerant-circulation correlation between Wannier states.
The correlation function is nonzero in both the topologically trivial and nontrivial states, and
allows to extract a correlation length that diverges at topological phase transitions. The correlation
length and the curvature function that defines the topological invariants are shown to have universal
critical exponents, allowing the notion of universality classes to be introduced. Particularly in two
dimensions, the universality class is determined by the orbital symmetry of the Dirac model. The
scaling laws that constrain the critical exponents are revealed, and are predicted to be satisfied even
in interacting systems, as demonstrated in an interacting topological Kondo insulator.
PACS numbers: 74.20.De, 64.60.ae, 64.60.F-, 73.20.-r
I. INTRODUCTION
A central issue in the study of topological insulators
(TIs) and topological superconductors (TSCs) is how to
drive the system into the topologically nontrivial state
such that their intriguing properties, for instance the chi-
ral edge currents [1–5] and Majorana edge states [6–9],
can be exploited. The topologically nontrivial state is
characterized by a nonzero topological invariant that is
often calculated from the integration of certain curva-
ture function such as Berry connection [10] or Berry cur-
vature [11–13], while in the trivial state the topological
invariant is zero. The transition from a topologically triv-
ial to a nontrivial state necessarily involves inverting the
bulk bands, which is usually achieved by tuning an en-
ergy parameter that may be the chemical potential [6–9],
hopping amplitudes [14], interface coupling [15–24], etc.
In this paper, we will refer to this parameter as the “tun-
ing energy parameter”. Consequently, topological phase
transitions can be identified by calculating the values of
the tuning energy parameter at which the bulk gap closes,
provided that topologically nontrivial states can exist ac-
cording to the symmetry classification [25, 26].
On the other hand, the concept of scaling and scale
invariance has recently emerged as an alternative way
to judge topological phase transitions [27, 28]. Akin to
stretching a messy string to reveal the number of knots
it contains, the scaling procedure locally renormalizes a
curvature function without changing the topological in-
variant. In this scheme, the renormalization-group (RG)
flow uncovers the fix points of the curvature function of
the topologically trivial and non-trivial phases.
In this article, we further advance such an approach to
topological phase transitions by answering the following
fundamental questions, focusing on 1D and 2D inversion-
symmetric lattice models described by 2×2 Dirac Hamil-
tonians, where the bulk gap closes at high-symmetry
points (HSPs) [29]: (1) Since topological systems may
or may not possess an order parameter from which a cor-
relation function is usually defined, can there be a cor-
relation function that is ubiquitous in TIs? (2) If such a
correlation function exists, how is the correlation length
related to other fundamental length scales in the prob-
lem, especially the edge-state decay length [30–35] and
the length scale that characterizes the scale invariance
at the critical point [27, 28]? (3) As topological phase
transitions can be driven by all kinds of tuning energy
parameters that invert the bulk bands, can there be uni-
versal critical exponents and scaling laws regardless of
what the tuning energy parameter is? (4) Do different
sets of critical exponents correspond to different univer-
sality classes and, if so, what is the underlying symmetry
that determines the universality class?
We show that these delicately intertwined issues can
be addressed in a unified manner using the Wannier-
state representation [36–38] in combination with 2×2
Dirac Hamiltonians. We identify the sought-after cor-
relation function in 1D as the Fourier transform of the
Berry connection, which yields a filled-band contribution
to the charge-polarization correlation between Wannier
states at different positions, a quantity that has been dis-
cussed within the theory of charge polarization [12, 36–
39]. The formalism extended to 2D renders a filled-band
Wannier-state correlation function calculated from the
Fourier transform of the Berry curvature, which is in-
timately related to the itinerant-circulation part of the
orbital magnetization [40–44]. Remarkably, we find that
these Wannier-state correlation functions are nonzero in
both topologically trivial and nontrivial states. Close to
the critical point, the correlation length essentially co-
incides with the diverging length scale suggested by the
scaling scheme, and in the topologically nontrivial state
it coincides with the edge-state decay length. In addi-
tion, since the tuning energy parameter is a scalar that
must enter the even-parity channel of the Dirac Hamilto-
nian, the curvature function and the correlation length of
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2noninteracting Dirac Hamiltonians display universal crit-
ical exponents regardless of the tuning energy parameter.
Particularly in 2D, the critical exponents can be classified
into different universality classes according to the orbital
symmetry of the Dirac Hamiltonian. The scaling laws
that constrain the critical exponents are identified, and
are predicted to be satisfied even in interacting systems.
This is demonstrated by model calculations for an in-
teracting topological Kondo insulator (TKI) formulated
within a slave-boson-mean-field theory [45].
The remainder of the article is arranged in the follow-
ing way. Section II discusses the quantities of interest
in 1D noninteracting lattice models, including correla-
tion function, correlation length and its correspondence
to the edge-state decay length, scaling laws, and the ap-
plication to a generic 2×2 Dirac Hamiltonian. Section III
generalizes the formalism to 2D systems and elaborates
on the relation between the universality class and the or-
bital symmetry. The interacting TKI is formulated in
Sec. IV. In Sec. V, we summarize the results and discuss
the common features in all these models.
II. 1D NONINTERACTING SYSTEMS
A. Correlation length and scaling laws in 1D
noninteracting systems
Consider a D-dimensional inversion-symmetric lattice
model whose topology is described by the topological in-
variant
C =
∫
dk
(2pi)
D
F (k,M) , (1)
where F (k,M) is referred to as the curvature function at
momentum k in D dimensions. For D = 1, the curvature
function is the Berry connection [10, 12] summed over
occupied bands n,
F (k,M) =
∑
n
〈unk|i∂k|unk〉 , (2)
where |unk〉 is the Bloch state at momentum k with band
index n. Throughout the article, we use M as the tun-
ing energy parameter that controls the topology of the
system. The Berry connection is gauge dependent [12]
and changes under |unk〉 → eiηnk |unk〉. In the following
discussion for 1D inversion-symmetric lattice models, we
choose the gauge that gives a Berry connection that has
a Lorentzian shape around the gap-closing momentum k0
F (k0 + δk,M) =
F (k0,M)
1± ξ2δk2 , (3)
where ξ is a characteristic length scale [27, 28]. It is in
this gauge choice that the previously proposed scaling
scheme is applicable in 1D systems since it relies on the
form of Eq. (3). We will demonstrate explicitly this gauge
choice for Dirac models.
The length scale ξ in Eq. (3) has been suggested to
characterize the scale invariance at the critical point [27]
since it diverges there. As Eq. (3) clearly resembles the
Ornstein–Zernike form of a correlation function in mo-
mentum space, we now demonstrate that ξ indeed rep-
resents a correlation length in 1D. Consider the Wannier
states for D-dimensional lattice models
|unk〉 =
∑
R
e−ik·(r−R)|Rn〉 , (4a)
|Rn〉 =
∫
dk eik·(r−R)|unk〉 , (4b)
and their wave functions 〈r|Rn〉 = Wn(r −R). Particu-
larly in D = 1, the charge polarization
P =
∑
n
〈0n|r|0n〉 =
∫
dk
∑
n
〈unk|i∂k|unk〉 (5)
is known to be equal to the topological invariant in
Eq. (1), up to an integer under gauge transforma-
tion [12, 36–39], where n sums over filled bands. More-
over, in the Wannier-state representation, the contribu-
tion to the Berry connection from the nth filled band
is [46–48]
〈unk|i∂k|unk〉 =
∑
R
eikR〈0n|r|Rn〉
=
∑
R
e−ikR〈Rn|r|0n〉 ,
(6)
from which it follows that the Fourier component of the
curvature function in Eq. (2) takes the form [46, 49]
λR =
∫
dk eikRF (k,M) =
∑
n
〈Rn|r|0n〉
=
∑
n
∫
r Wn(r −R)∗Wn(r) dr ,
(7)
which sums the diagonal matrix elements of the position
operator between Wannier states in the filled bands. Us-
ing [39] 〈unk|i∂k|unk〉 = (−i∂k〈unk|) |unk〉 and inversion
symmetry, one sees that λ∗R = λ−R = λR is a real func-
tion. We observe that in the continuous limit, the Fourier
transform of the Ornstein–Zernike form of Eq. (3) yields[
1∓ ξ2∂2R + f(∂R)
]
λR = F (k0,M)δ(R) , (8)
where f(∂R) is a polynomial of ∂R that represents the
structures other than the singularity at k0. This suggests
that λR to leading order is a function of R/ξ,
λR = λ(R/ξ) . (9)
Since λR which can be viewed as a charge-polarization
correlation function between the Wannier states |0n〉
and |Rn〉 summing over filled bands, ξ unambiguously
plays the role of a correlation length. In addition, the
3onsite correlation λ0 coincides with the charge polar-
ization in Eq. (5) and hence the topological invariant.
Notice that, however, if one chooses a different gauge
|unk〉 → eiηnk |unk〉 in which the Berry connection does
not have the Ornstein–Zernike form in Eq. (3), then
the correlation function is modified accordingly λR →
λR −
∑
n
∫
dk eikR ∂kηnk and in general will not be a
function that simply decays with ξ. Thus, our discussion
in 1D is limited to a specific gauge.
We proceed to discuss a scaling law in 1D. As M →
Mc, the curvature function at the gap-closing momentum
k0 diverges, yet its integration over the range of ξ−1 near
k0 converges to a constant (see Fig. 2 (a) for demonstra-
tion):
Cdiv =
∫ ξ−1
−ξ−1
dk
2pi
F (k,M) =
∫ ξ−1
−ξ−1
dk
2pi
F (k0,M)
1± ξ2k2
=
F (k0,M)
ξ
×O(1) = const .
(10)
Thus, F (k0,M) and ξ have the same critical exponent in
1D systems:
|F (k0,M)| ∝ |M −Mc|−γ , (11a)
ξ ∝ |M −Mc|−ν , (11b)
γ = ν . (11c)
Note that since F (k0,M) is the correlation function in-
tegrated over space, F (k0,M) =
∑
R λR, it plays a
role similar to the susceptibility in the Landau-order-
parameter paradigm. For this reason, we denote its crit-
ical exponent by −γ following the usual convention for
susceptibility. As we shall see in the example below, as
M →Mc, one may parametrize F (k0,M) by
F (k0,M) ∝ sgn(M −Mc)|M −Mc|−γ , (12)
since F (k0,M) changes sign between M < Mc and M >
Mc.
B. Critical exponents of 1D 2×2 Dirac
Hamiltonians of symmetry class AIII
To further demonstrate that noninteracting 1D Dirac
models exhibit universal critical exponents, we consider
a generic 1D spinless inversion-symmetric model of sym-
metry class AIII described by a 2×2 Dirac Hamiltonian
H(k) =
∑
i
di(k)σi , (13)
where the two degrees of freedom ψ = (cA, cB)
T come
from A and B sublattices. The chiral (sublattice) sym-
metry of class AIII demands σzH(k) + H(k)σz = 0 and
therefore d3 = 0. The gauge choice that gives Eq. (3)
can be constructed in the following way. The eigenstates
Figure 1. Correlation length ξ versus tuning energy parame-
ter M −Mc in a generic Dirac Hamiltonian parametrized by
the velocity A and inverse effective mass B as in Eqs. (16) and
(31). Inside the critical region |M−Mc| < |A2/B| the correla-
tion length is approximately ξ ∼ |A/(M−Mc)|, while outside
the critical region it is approximately ξ ∼ |B/(M −Mc)|1/2.
with eigenenergies E± = ±d = ±
√
d21 + d
2
2 are chosen to
be in the gauge
|ψ±〉 = 1√
2d
( ±d
d1 + id2
)
. (14)
The Berry connection constructed from the filled band in
this gauge choice is
Ak = i〈ψ−|∂k|ψ−〉 = d2∂kd1 − d1∂kd2
2d2
= F (k,M) .
(15)
The Dirac Hamiltonian near the gap-closing momentum
k−k0 = δk → 0 and close to the critical pointM →Mc is
generically parametrized by either (d1, d2) = (even, odd)
in δk or (d1, d2) = (odd, even) in δk, depending on the
model. For a model described by the first case (d1, d2) =
(even, odd), an expansion to leading order yields
d1 = (M −Mc) +Bδk2 , (16a)
d2 = Aδk , (16b)
d3 = 0 . (16c)
The band-inversion parameterM , which drives the topo-
logical phase transition, has to enter the parity-even d1
component because it is a scalar. For the second case
(d1, d2) = (odd, even), one swaps the functional form for
d1 and d2 in Eq. (16), which merely gives an overall minus
sign to the Berry connection in Eq. (15), so the analysis
of critical exponents below remains valid.
Putting Eq. (16) into Eq. (3) yields a Berry connection
that is symmetric around k0 (this is the purpose of the
gauge choice in Eq. (14)), whose expansion gives
Ak0+δk =
Ak0
1± ξ2δk2 , (17a)
Ak0 = −
A
2(M −Mc) ∝ (M −Mc)
−1 , (17b)
ξ =
∣∣∣∣3B(M −Mc) +A2(M −Mc)2
∣∣∣∣1/2
M→Mc∝ |M −Mc|−1 .
(17c)
4One sees that as M → Mc, ξ is always real and positive
regardless of the precise values of (B,A). The critical
exponent of Ak0 and of ξ are γ = ν = 1, in accordance
with the scaling law described by Eq. (11c).
Two distinct features of the correlation length should
be emphasized. Firstly, out of the general parametriza-
tion in Eq. (16), there are three fundamental length
scales A/(M − Mc), B/A, and |B/(M − Mc)|1/2 em-
bedded in the Hamiltonian. As shown in Fig. 1, as the
tuning energy parameter approaches the critical point
M −Mc = 0, there exists a critical region |M −Mc| <
|A2/B|, inside of which the correlation length is domi-
nated by ξ ∼ |A/(M −Mc)|; outside of the critical re-
gion, |M −Mc| > |A2/B|, the dominating length scale
is ξ ∼ |B/(M −Mc)|1/2. Near the boundary of the crit-
ical region, the correlation length and the three length
scales are all of the same order of magnitude. Secondly,
in Appendix A we explicitly elaborate on the correspon-
dence between the correlation length within this gauge
choice and another fundamental length scale in the prob-
lem, namely the decay length of the edge state in the
topologically nontrivial phase. Despite this correspon-
dence, we emphasize that the Wannier-state correlation
function is finite in both the topologically trivial and non-
trivial state, while the edge state only manifests at the
interface between topologically distinct states.
C. Su–Schrieffer–Heeger model
We proceed by discussing the Su–Schrieffer–Heeger
(SSH) model [14] as a specific example to demonstrate
these statements. The class-AIII model describes spin-
less fermions on a closed ring with unequal hopping am-
plitudes on the even and odd bonds,
H =
∑
i
(t+ δt)c†AicBi + (t− δt)c†Ai+1cBi + H.c. , (18)
where A and B are sublattice indices and i is the site
index. The model has a spectral gap that closes at k0 =
pi, near which the Hamiltonian takes the form of Eq. (16)
with
M −Mc = 2δt , B = t− δt
2
, A = δt− t . (19a)
The topological phase transition is driven by the differ-
ence in hopping amplitude δt.
Following the gauge choice of Eq. (14), we obtain the
Berry connection for the SSH model as, with an addi-
tional factor of −2 for the sake of normalization,
F (k, δt) = −2i〈ψ−|∂k|ψ−〉
=
(
t2 − δt2) cos k + (t− δt)2
(t+ δt)
2
+ 2 (t2 − δt2) cos k + (t− δt)2 .
(20)
Figure 2. (color online) (a) The curvature function (Berry
connection within the described gauge choice) F (k, δt) of the
SSH model at δt/t = −0.2, which peaks at the gap-closing
momentum k0 = pi. The half width at half maximum ex-
tracts a length scale ξ that is the correlation length in Eq. (9).
The area under the singular peak converges to a constant as
δt → δtc, as described by Cdiv in Eq. (10). (b) The Fourier
component 2λR of F (k, δt) described by Eq. (24), which also
represents the Wannier-state charge-polarization correlation
function described in Eq. (7). It exponentially decays in both
R and δt− δtc and changes sign at δtc. (c) Schematics for the
topologically trivial phase δt > 0 (left) which dimerizes be-
tween Ai and Bi and has no edge state when the ring is cut at
the dashed line, and the topologically nontrivial phase δt < 0
(right) that dimerizes between Bi and Ai+1 and has edge state
when the ring is cut at the dashed line. The Wannier-state
charge-polarization correlation for the two cases are however
the same since it only depends on the relative distance be-
tween two Wannier home cells.
The topological invariant C can be calculated by a con-
tour integration
C = 1
2pi
∫ 2pi
0
dk F (k, δt) =
1
2
(
1− t δt|t δt|
)
=
{
0 for t δt > 0 ,
1 for t δt < 0 ,
(21)
so the critical point is located at δtc = 0. At the gap-
closing point k0 = pi, Eq. (20) gives
F (k0, δt) =
1
2
(
1− t
δt
)
δt→δtc∝ − sgn
(
δt
t
)
|δt− δtc|−1 .
(22)
The length scale ξ defined from Eq. (3) is [27]
ξ =
∣∣∣∣ t4δt
(
1 +
t
δt
)∣∣∣∣1/2 δt→δtc∝ |δt− δtc|−1 . (23)
5The Wannier-state charge-polarization correlation func-
tion is, using a contour integration for the Fourier com-
ponent with the gap-closing momentum k0 = pi as the
origin,
λR =
∫
dk
2pi
F (k, δt)ei(k−pi)R
δt→δtc∝ −1
2
sgn
(
δt
t
)
e−R/ξ ,
(24)
which satisfies Eqs. (9) and (12), with ξ playing the role
of a correlation length. Equations (22) and (23) confirm
that the SSH model indeed satisfies the scaling law in
Eq. (11c) and the critical exponents in Eq. (17). Using
Appendix A, the edge-state decay length is
ξ− ≈ − t− δt
2δt
≈ ξ . (25)
Therefore, in the topologically nontrivial state and close
to the critical point δt/t > 0, the correlation length coin-
cides with the decay length of edge states. Note, however,
that the Wannier-state correlation is nonzero in both the
topologically trivial and nontrivial state, as explained
schematically in Fig. 2 (c).
III. 2D NONINTERACTING SYSTEMS
A. Correlation length and scaling laws in 2D
noninteracting systems
For 2D systems with rectangular symmetry, we start
from the curvature function that has the following
form [27, 28] near the gap-closing momentum k0:
F (k0 + δk,M) ≈ F (k0,M)
(1± ξ2xδk2x)
(
1± ξ2yδk2y
) . (26)
Depending on the scheme one chooses to calculate the
topological invariant, F (k,M) can be either the Berry
curvature [27], the phase gradient of the Pfaffian of the
time-reversal operator, or the second derivative of the
Pfaffian [28]. A significant difference from the 1D case
described in Sec. II, is that these quantities are gauge-
invariant in 2D, so there is no need to choose a particular
gauge.
In the scheme that uses the filled-band Berry curvature
as the curvature function,
Ankα = 〈unk|i∂kα |unk〉 , (27a)
F (k,M) =
∑
n
∂kxAnky − ∂kyAnkx , (27b)
the length scale ξα in Eq. (26) again represents a cor-
relation length. This can be seen by noticing that the
nth band contribution to the Berry curvature can be ex-
pressed in terms of the Wannier states in Eq. (4) as [47–
49],
∂kxAnky − ∂kyAnkx = i
∑
R
eik·R〈0n| (R× r)z |Rn〉
= −i
∑
R
e−ik·R〈Rn| (R× r)z |0n〉 ,
(28)
and consequently the Fourier component of the Berry
curvature is
λR =
∫
dk eik·RF (k,M) = −i
∑
n
〈Rn| (R× r)z |0n〉
= −i
∑
n
∫
(Rxry −Ryrx)Wn(r −R)∗Wn(r) dr ,
(29)
provided R 6= (0, 0) [68]. The Fourier component
clearly measures the correlation between occupied Wan-
nier states |Rn〉 and |0n〉, and the (R× r) factor in-
dicates that it is intimately related to the “itinerant-
circulation” part of the orbital magnetization contributed
from the edge current but expressed in terms of bulk
Wannier states [40, 42, 47]. The correlation function is
gauge-invariant since it is the Fourier transform of the
gauge-invariant Berry curvature [12], and a real function
since λR∗ = λ−R = λR in inversion-symmetric systems.
Analogous to Eqs. (8) and (9), the Ornstein–Zernike form
of Eq. (26) implies
λR = λ(Rx/ξx, Ry/ξy) , (30)
i.e., ξx and ξy represent the correlation lengths in the two
spatial directions.
The correlation function introduced in Eq. (9) for 1D
and Eq. (30) for 2D have the following general trend
as the system approaches a topological phase transition.
Since the Berry connection (at a specific gauge) in 1D
and Berry curvature in 2D must diverge at a HSP and
change sign at a topological phase transition (such that
their integration, the topological invariant, can jump dis-
cretely [27, 28]), the correlation functions as their Fourier
transform must have (i) a diverging correlation length
and (ii) a sign change at large distance, as can be seen
evidently in Fig. 2 (b) for the SSH model and Fig. 3 (b)
in Sec. III B for the 2D Chern insulator. Thus, whether
a phase transition is topological or not can be identified
solely from the correlation function, simply by checking
whether (i) and (ii) occur simultaneously or not at the
phase transition.
B. Berry curvature of 2D 2×2 Dirac Hamiltonians
In this and the following subsection, we demonstrate
that noninteracting Dirac models in 2D exhibit universal
critical exponents regardless the details of the system.
6Figure 3. (color online) (a) The Curvature function (Berry
curvature) F (k,M) at M = 0.25 in the simple model of a 2D
Chern insulator described by Eq. (38), which diverges at the
gap-closing momentum k0 = (0, 0) with a Lorentzian form
of Eq. (26) when the system approaches the critical point
Mc = 0. (b) The Fourier component λr of F (k,M) along the
direction x = y, which is also the Wannier-state correlation
function defined in Eq. (29). The correlation function at large
distances changes sign between M > Mc and M ? Mc, and
decays with a correlation length that diverges at Mc. The
inverse of the correlation length coincides with the width of
the peak in (a).
First we consider 2×2 Dirac Hamiltonians in 2D of the
form given in Eq. (13) with the replacement k → k =
(kx, ky). The eigenenergies are E± = ±
√
d21 + d
2
2 + d
2
3 =
±d. Because we focus here on inversion-symmetric sys-
tems, the two degrees of freedom of the Dirac Hamilto-
nian must have opposite eigenvalues under parity opera-
tion (for instance, one represents a d orbital and the other
an f orbital, as in the TKI described in Sec. IV). Choos-
ing the basis that is diagonal under parity operation
P = σ3, the inversion symmetry PH(k)P−1 = H(−k)
implies that d1 and d2 are odd while d3 is even in k,
leading to the lowest-order expansion
d1 = A1xδkx +A1yδky , (31a)
d2 = A2xδkx +A2yδky , (31b)
d3 = (M −Mc) +Bxδk2x +Byδk2y +Bxyδkxδky , (31c)
where δk = k − k0 denotes the distance away from the
HSP. The velocity and effective mass parameters (Aix,
Aiy, By, By, Bxy) depend on the details of the model, and
the tuning parameter M again has to enter the parity-
even channel since it is a scalar. The component d0σ0
is unimportant for the argument below and hence is ig-
nored for simplicity. The topological invariant of the
Dirac Hamiltonian can be calculated from the Berry cur-
vature [39]
F (k,M) = Fij =
1
2d3
abcda∂idb∂jdc . (32)
where ∂i = ∂/∂δki. The expansion of the Berry curva-
ture at k0 along i ∈ {x, y} yields Eq. (26) with
F (k0,M) =
A1xA2y −A1yA2x
2|M −Mc| (M −Mc)
∝ sgn(M −Mc)|M −Mc|−2 ,
(33a)
ξi =
∣∣∣∣∣8Bi (M −Mc) + 3A21i + 3A22i2 (M −Mc)2
∣∣∣∣∣
1/2
M→Mc∝ |M −Mc|−1 .
(33b)
Thus, the critical exponents of the length scale ξi ∼
|M −Mc|−1 and F (k0,M) ∼ |M − Mc|−2 are al-
ways the same regardless of the microscopic details
(Aix, Aiy, Bx, By, Bxy) of the model. One also sees that
in general ξx 6= ξy if Aix 6= Aiy or Bx 6= By, yet the
scaling law in Eq. (36) is always satisfied. As the sys-
tem is driven towards the critical point, similar to the
1D systems demonstrated in Fig. 1, there exists a critical
region (|M −Mc| < |A2i /Bi|) inside of which the corre-
lation length follows ξi ∼ |Ai/(M −Mc)|, and outside of
which the correlation length is dominated by a different
length scale ξ ∼ |Bi/(M−Mc)|1/2, where A2i = A21i+A22i.
The correspondence between ξ and the edge-state decay
length is demonstrated in Appendix A, which suggest
that the experiments that directly measure ξ by fitting
the Berry curvature near the gap-closing momentum, for
instance cold-atom experiments [50–52], can extract the
edge-state decay length even in a system with closed
boundary condition, and without directly investigating
the edge-state wave function.
We proceed to discuss a scaling law that is expected
to be satisfied also in interacting systems. Denoting the
critical exponents by
F (k0,M) ∝ sgn(M −Mc)|M −Mc|−γ , (34a)
ξi ∝ |M −Mc|−νi , (34b)
the argument in Eq. (10) generalized to 2D dictates that
the curvature function integrated over a small region
around k0 of area ∼ ξ−1x ξ−1y converges to a constant:
Cdiv =
∫ ξ−1x
−ξ−1x
dkx
2pi
∫ ξ−1y
−ξ−1y
dky
2pi
F (k,M)
= F (k0,M)
∫ ξ−1x
−ξ−1x
dkx
2pi
1
1± ξ2xk2x
∫ ξ−1y
−ξ−1y
dky
2pi
1
1± ξ2yk2y
=
F (k0,M)
ξxξy
×O(1) = const .
(35)
Thus, the critical exponent of F (k0,M) is the sum of
those of ξx and ξy
γ = νx + νy , (36)
which is indeed satisfied by the result for noninteracting
systems in Eq. (33b). This also suggests that as M →
7Mc, one can parametrize F (k0,M) by
F (k0,M) ∝ sgn(M −Mc)|M −Mc|−νx−νy . (37)
To see the Wannier-state correlation function, i.e., the
Fourier component λR of the Berry curvature, we need
d(k) not only near k0 but in the entire Brillouin zone
(BZ). For this purpose, we choose the simple model of a
2×2 Chern insulator for demonstration, described by [39]
d1 = sin kx , (38a)
d2 = sin ky , (38b)
d3 = M − 2B (2− cos kx − cos ky) . (38c)
The model has three critical points at Mc ∈ {0, 4B,
8B}, corresponding to gap-closing at k0 ∈ {(0, 0), (0, pi),
(pi, pi)}. Focusing on the behavior near the Mc = 0 criti-
cal point, the low-energy sector is described by Eq. (31)
with (A1x, A2y, Bx, By) = (1, 1,−1,−1) after setting the
energy unit B = 1. According to the calculation in Ap-
pendix A, the edge state appears when Bx(M −Mc) =
−BM = −M < 0; therefore, M > 0 is the topolog-
ically nontrivial state [39]. The Fourier component of
F (k,M) calculated from Eq. (32) is shown in Fig. 3 for
the direction x = y; the decaying behavior at large dis-
tance is evident, with a correlation length that diverges
at the critical point, in agreement with Eq. (33b). How-
ever, the anomalies at short distance—originating from
the Fourier transform of F (k,M) at momenta far away
from k0 = (0, 0)—hinder a precise extraction of the corre-
lation length and its critical exponent from this real-space
analysis.
C. Universality classes of 2D 2×2 Dirac
Hamiltonians
The formalism in Sec. III B can be readily general-
ized to Dirac models with different orbital symmetries,
which have been intensively discussed recently as suit-
able models for the multi-Weyl semimetals that man-
ifest quadratic, cubic, or higher-order band-touching
points [53–64]. Here we demonstrate that the universal-
ity class of a 2D 2×2 Dirac Hamiltonian is determined by
its orbital symmetry. In Sec. III B, we learned that the
momentum-dependent corrections to the tuning energy
parameters, i.e., the (Bx, By, Bxy) terms in Eq. (31), are
unimportant as the system approaches the critical point
and are therefore ignored for simplicity. This leads us to
discuss the following 2×2 Dirac Hamiltonian expressed in
polar coordinates, as a low-energy effective model for the
topological phase transition that takes place when bulk
bands invert at k0,
H(k, φ) = ηpk
p cos(pφ)σx + ηpk
p sin(pφ)σy +Mσz
= ε+(k)dˆ(k, φ) · σ ,
(39)
where momentum k is the distance from k0. The positive
integer p ∈ {1, 2, 3, . . . } represents the orbital symmetry
Figure 4. (a) Berry curvature fp(k) and (b) Correlation
function λ(R) = λ(R) of a 2D 2×2 Dirac model at different
orbital symmetries p ∈ {1, 2, 3, 4}, at M = 0.1. The inset of
(a) shows schematically that the maximum of fp(k) at p 6= 1
forms a ring surrounding the HSP, giving the two momentum
scales kmax and kwid in Eq. (45).
{p, d, f, . . . } of the Hamiltonian and ηp > 0 is a positive
quantity that keeps track of the dimension. The formal-
ism in Sec. III B with parameters A1y = A2x = Bx =
By = Bx,y = 0 is equivalent to p = 1 (p-wave) in this
section, where ηp = A1x = A2y = vF is the Fermi veloc-
ity. The energy dispersion for a general p is given by
ε±(k) = ±
√
M2 + η2pk
2p . (40)
The dˆ vector in Eq. (39) together with Eq. (32) yields
the Berry curvature
fp(kx, ky) = dˆ ·
(
∂dˆ
∂kx
× ∂dˆ
∂ky
)
=
k−2+2pMp2η2p
(η2pk
2p +M2)3/2
= fp(k) ,
(41)
which does not depend on the polar angle φ as shown in
Fig. 4 (a). The topological invariant is given by
C = 1
4pi
∫ 2pi
0
dφ
∫ ∞
0
k dk fp(k) =
p
2
sgn(M) , (42)
normalized in such a way that the change of the topo-
logical invariant across the topological phase transition
is ∆C = C(M > 0) − C(M < 0) = p. This normaliza-
tion is in accordance with the low-energy description of
2D Chern insulators, in which the topological invariant
changes by ∆C = p = 1 at a topological phase transition
when bulk bands invert at one HSP [39].
In certain models, the bulk bands can be inverted si-
multaneously at multiple HSPs when going through a
topological phase transition. In such a case, the total
change of the topological invariant is given by the sum
of the ∆C at each HSP. For instance, in 2D Chern insu-
lators, the bulk band can be inverted simultaneously at
k0 = (0, pi) and k0 = (pi, 0) at a particular critical point,
and hence the topological invariant of the whole system
changes by 2 since each HSP contributes 1 [39].
Systems with different orbital symmetries p belong to
different universality classes, as can be seen by compar-
ing the critical exponents at different p. For the sake of
8introducing the critical exponents, we consider our con-
tinuous Hamiltonian, Eq. (39), as a low-energy effective
model of a 2D lattice model in which the Wannier states
|R〉 can be introduced via Eq. (4) (for simplicity, we drop
the band index n by assuming only one filled band), and
consequently the correlation function in Eq. (29) can be
introduced as
λ(R) = −i〈R|(R× r)z|0〉
=
1
(2pi)2
∫
dkx dky e
ik·Rfp(kx, ky)
≈ 1
2pi
∫ ∞
0
dk kJ0(Rk)fp(k) ,
(43)
where J0(x) is the 0th-order Bessel function. In the last
line of Eq. (43), we approximate the 2D integral within
the BZ by an integral over the infinite polar plane, and
use the Berry curvature in Eq. (41). This approximation
yields a closed expression of λ(R) for a given p, which is
a function of R/ξp with the correlation length given by
ξp =
(
ηp
|M |
)1/p
, (44)
indicating that the critical exponent for the correlation
length is 1/p. Figure 4 shows the correlation function at
several values of p.
The Berry curvature fp(k) at p = 1 has a maximum
at k = 0, or equivalently a maximum at the HSP k0
as shown in Fig. 3 (a), hence the scaling law deduced
in Eq. (36) is expected to be satisfied. At p 6= 1, how-
ever, the maximum of fp(k) occurs at finite k, mean-
ing that the maximum of fp(k) forms a ring around the
HSP in momentum space. This motivates us to intro-
duce the following scaling law for p 6= 1. We denote the
momentum at which the maximum of the Berry curva-
ture fp,max(kmax) occurs as kmax (radius of the ring), and
the half width at half maximum of the Berry curvature
as kwid (width of the ring), as shown schematically in
Fig. 4 (a). Denoting critical exponents of fp,max and the
corresponding length scales by
fp,max(kmax) ∼M−γ , (45a)
ξmax ∼ k−1max ∼ |M |−ν0 , (45b)
ξwid ∼ k−1wid ∼ |M |−ν1 , (45c)
we observe that when the system is approaching the criti-
cal point, the integral of the Berry curvature remains un-
changed since it is the topological invariant. Therefore,
the maximum times the area of the ring should remain
the same
Cdiv ∼ fp,max
[
pi
(
kmax +
kwid
2
)2
− pi
(
kmax − kwid
2
)2]
∼ 2pifp,max
ξmaxξwid
= const ,
(46)
and consequently the scaling law
γ = ν0 + ν1 (47)
should be satisfied. The Berry curvature in Eq. (41) gives
γ = 2/p and ν0 = ν1 = 1/p, which indeed satisfy the
scaling law. The critical exponents ν0 and ν1 are in ac-
cordance with that of the correlation length in Eq. (44),
indicating that there is essentially only one length scale in
the problem. The critical behaviors of various quantities
are summarized in Table I.
Table I. Summary of the critical behavior of various quantities
for a 2D 2×2 Dirac model with orbital symmetry p, where i ∈
{x, y, 0, 1} labels the correlation lengths defined in Eqs. (34)
and (45).
Dispersion near HSP ε±(k) = ±
(
M2 + η2pk
2p
)1/2
Berry curvature maximum fp,max ∼ |M −Mc|−γ ,γ = 2p
Correlation length ξi ∼ |M −Mc|−νi , νi = 1p
Scaling law for p = 1 γ = νx + νy
Scaling law for p 6= 1 γ = ν0 + ν1
Change of invariant ∆C = p
For p 6= 1, the fact that the Berry curvature fp(k) has
an extremum at finite k, poses a challenge to a previously
proposed RG scheme [27], as it relies on the fact that
the scaling function, which is previously identified as the
Berry curvature, has an extremum at k = 0. This is
true for all the models examined previously whose low-
energy sectors are Dirac models with p = 1 [27, 28]. For
a general p, we propose to use the (2p − 2)th derivative
of the Berry curvature as the scaling function
F (k,M) = ∂2p−2k fp(k) (48)
in the RG procedure
F (δk,M) = F (0,M ′) , (49)
where δk is a small deviation away from the HSP (the
HSP is implicitly taken as the origin k0 = 0 = (0, 0)).
Solving for the newM ′ at a givenM iteratively yields the
RG flow that distinguishes the topological phase transi-
tions. The choice of the scaling function given in Eq. (48)
is justified because it satisfies the following criteria for the
RG procedure: (1) The scaling function has an extremum
at k = 0, i.e., ∂kF (k,M)|k=0 = ∂2p−1k fp(k)|k=0 = 0.
(2) The scaling function diverges at the critical point
Mc = 0 and has opposite sign as M → M+c and
M →M−c . (3) Its integral is a topological invariant
C′ = 1
4pi
∫ 2pi
0
dφ
∫ ∞
0
k dkF (k,M)
=
{
1
2 sgn(M) = C for p = 1 ,
0 for p 6= 1 .
(50)
9With these criteria satisfied, the RG procedure depicted
in Eq. (49) can be used to judge topological phase tran-
sitions because it makes F (k,M) flow away from the
critical-point configuration and converge to the fixed-
point configuration Ff(k,M) without changing the topo-
logical invariant C′ in the whole procedure [27].
Since the Berry curvature of our low-energy effective
theory, Eq. (41), does not depend on the polar angle
φ, the scaling direction can be taken along any radial
direction δkˆ = kˆ. We can substitute the Berry curvature
given in Eq. (41) and the scaling function of Eq. (48) into
Eq. (49) and expand the equation for a small δk = |δk|
and δM = M ′ − M to the lowest nonvanishing order.
This procedure leads to the generic RG equations
dM
dl
≡ δM
δk2p
=
1
(2p)!
∂2pk F (k,M)|k=0
∂MF (0,M)
=
Ap
M
, (51)
where Ap is a p-dependent numerical factor—(A1, A2, A3,
A4, . . . ) = (3/4, 45/4, 315/2, 9009/4, . . . )—and the scal-
ing parameter is dl ≡ δk2p since it is the lowest non-
vanishing order in the expansion. From Eq. (51), we see
that the critical point lies atMc = 0 for all p as expected,
since the Dirac Hamiltonian we start with, Eq. (39), has
a band inversion at Mc = 0. The lowest-order expansion
of the scaling function in δk is
F (δk,M) =
xp
M |M | −
yp
M3|M |δk
2p + · · · ≈ F (0,M)
1 +
ypδk2p
xpM2
,
(52)
which takes the Lorentzian form with a half width at
half maximum that scales like δkH ∼ |M |1/p, where xp
and yp are p-dependent numerical factors. Consequently,
the length scale ξ ∼ δk−1H ∼ |M |−1/p extracted from the
scaling function in Eq. (52) coincides with the correlation
length in Eq. (45), meaning that there is still only one
length scale in the problem whose critical behavior is
|M |−1/p.
IV. CRITICAL EXPONENTS IN MIRROR
PLANES OF A CORRELATED TOPOLOGICAL
INSULATOR
We further predict that the scaling laws proposed in
Eq. (11c) for 1D and Eqs. (36) and (47) for 2D have to be
satisfied even when the topological phase transitions are
driven by interactions, as demonstrated in the following
example at the mean-field level. The model we consider
is a simplified model for a TKI, such as samarium hexa-
boride, on a simple cubic lattice [45, 65]:
H = H0 +Hhyb +Hint , (53a)
H0 =
∑
i
f f
†
i fi −
∑
〈i,j〉
(
td c
†
i cj + tf f
†
i fj + H.c.
)
−
∑
〈〈i,j〉〉
(
t′d c
†
i cj + t
′
f f
†
i fj + H.c.
)
,
(53b)
Hhyb =
∑
α=x,y,z
∑
〈i,j〉α
[
iV c†iσαfj + iV f
†
i σαcj + H.c.
]
,
(53c)
Hint =
∑
i
U f†i↑fi↑ f
†
i↓fi↓ . (53d)
Here, c†, c and f†, f are creation- and annihilation-
operators for d and f electrons, respectively; H0 repre-
sents the onsite energy of f electrons as well as hopping
of d and f electrons between nearest neighbors (〈i, j〉)
and next-to-nearest neighbors (〈〈i, j〉〉); Hhyb represents
the (odd-parity) hybridization between d and f orbitals;
and Hint is the onsite repulsion for f orbitals.
It was shown in Ref. 45 that a mean-field treat-
ment based on the Kotliar–Ruckenstein slave-boson
scheme [66] can transform this Hamiltonian into a non-
interacting Hamiltonian with renormalized parameters,
tf → z2tf , t′f → z2t′f , V → zV , f → f + λ .
(54)
When tuning the onsite-repulsion U , the gap can close at
the HSPs Γ, X, M, or R, and one can therefore observe
topological phase transitions.
While the system is three-dimensional, the mirror sym-
metries of the simple cubic lattice allow the definition of
three distinct mirror Chern numbers (MCNs) [67]: In
the three mirror-invariant planes in momentum space,
kz = 0, kz = pi, and kx = ky [? ], the energy eigenstates
may be chosen to be simultaneous eigenstates of the re-
spective mirror operator, M |u±a (k˜)〉 = ±i|u±a (k˜)〉, where
the momentum k˜ lies in this mirror-invariant plane. Con-
sidering only the states |u+a (k˜)〉 for the Berry curvature,
we can then calculate the three MCNs C+kz=0, C
+
kz=pi
,
and C+kx=ky [45]. Close to the HSP where the gap closes,
we can map the states with mirror eigenvalue +i in the
different mirror planes to two-dimensional Dirac models,
where the mass parameter M is a function of the model
parameters.
Keeping all other model parameters fixed, we can con-
sider the phase diagram as a function of f and U , as
shown in Fig. 5 [45]. In this setup, we can observe topo-
logical phase transitions by varying either f or U and
fit the critical exponents γ and ν for different HSPs (see
Figs. 5 and 6). Close to the transition, we can approxi-
mate the system by a 2×2 Dirac model where the mass
term is a function of either f or U . In all cases, we find
thatM−Mc is approximately proportional to f −f c or
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Figure 5. (color online) Phase diagram of the simple model
for a TKI as a function of f and U for td = 1, t′d = −0.4,
tf = −0.1, t′f = 0.04, and V = 0.4 from a mean-field
treatment with Kotliar–Ruckenstein slave bosons [45] showing
strong-topological-insulator (STI), weak-topological-insulator
(WTI), and (trivial) band-insulator phases (BI). Phase tran-
sitions occur whenever the gap closes at one of the HSPs Γ,
X, M, or R. The dashed red line shows the parameters of the
plots in Fig. 6.
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Figure 6. F (k0) and ξ as a function of U with fit for k0 = X
in the plane kz = 0, f = −10, and other parameters as in
Fig. 5. The parameters correspond to the dashed red line in
Fig 5. The phase transition at Γ is not visible, as we are only
considering k0 = X.
U−Uc such that the critical exponents γ ≈ 2, νx ≈ νy ≈ 1
are close to the values of the non-interacting case with
orbital symmetry p = 1 (see Table I). In particular, the
scaling law (36) is always satisfied up to numerical pre-
cision.
The RG flow in the parameter spaceM = (M1,M2) =
(f , U) can be obtained by [27]
F (k0, 
′
f , U) = F (k0 + δk, f , U) , (55a)
F (k0, 
′
f , U
′) = F (k0 + δk, ′f , U) . (55b)
Since the model has linear band crossing (p = 1 in Ta-
ble I), Eq. (51) yields
M ′i −Mi
δk2
=
∂2kF (k,M)
∣∣
k=k0
2∂MiF (k0,M)
(56)
for i = 1, 2, where the first derivative in Mi and the
second derivative at k can be obtained numerically in
a very efficient manner by computing only three points
F (k0,Mi), F (k0 + δk,Mi), and F (k0,Mi + δMi). The
two-dimensional RG flow is then deduced from the vector
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Figure 7. (color online) Plots of the RG flow for the same
parameters as in Fig. 5 for the four HSPs Γ, X, M, and R.
The color indicates the flow rate, where blue denotes small
and orange high flow rates. The thick black line is the critical
line where the gap closes and is the same as those in Fig. 5.
Unstable fixed points are shown by dashed lines for k0 ∈
{M,R}
.
field
V (f , U) =
(
′f − f
U ′ − U
)
(57)
and is plotted in Fig. 7 for k0 ∈ {Γ,X,M,R} and δk =
pi
100 . The phase transitions can be identified as the critical
lines of the RG flow, i.e., sources of the RG flow where
||V || → ∞, and are shown as black lines. This model
also displays unstable fixed points, sources of the RG flow
but with ||V || → 0, where no topological phase transition
takes place. Examples are shown in the plots forM and
R as dashed lines. Note also that (U ′−U)→∞ for large
f as there ∂UF (k0)→ 0.
V. CONCLUSIONS
In summary, we reveal the following intriguing aspects
of topological phase transitions in 2×2 Dirac Hamilto-
nians. The first point addresses the correlation function
and correlation length. We suggest that the Fourier com-
ponent λR of the Berry connection in 1D and that of
the Berry curvature in 2D represent correlation func-
tions. The correlation function in 1D measures the
charge-polarization correlation between filled-band Wan-
nier states at different positions, whereas in 2D it mea-
sures a correlation between filled-band Wannier states
that is intimately related to the itinerant-circulation part
of orbital magnetization. These Wannier-state correla-
tion functions at large distance decay with a correlation
length, which can be measured in 2D since it is gauge
invariant in this case. For instance, it could be measured
in the TIs that are artificially engineered in 2D optical
lattices. In the topologically nontrivial state, the corre-
lation length coincides with the decay length of the edge
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state up to a constant prefactor. Despite this coinci-
dence, the correlation length seems to be more general
for the characterization of topological phases than the
decay length of the edge state, since it manifests even in
the topologically trivial state and in periodic boundary
conditions. In addition, the correlation function can be
used to identify whether a phase transition is topological
or not, since the correlation function must have a diverg-
ing correlation length and a sign change at large distance
at a phase transition that is topological.
The second feature are the critical exponents and the
scaling laws that constrain them. The noninteracting
Dirac Hamiltonians with only one even-momentum chan-
nel are shown to have universal critical exponents re-
gardless of the microscopic details of the Hamiltonian.
In essence, this is because the tuning energy parameter
can only enter the channel that is even around the gap-
closing momentum, rendering a curvature function that
has a particular power-law dependence on the tuning en-
ergy parameter. On the other hand, the saturation of the
integral of the curvature function near the gap-closing
momentum leads to scaling laws, which may be verified
experimentally in the gauge-invariant cases in 2D. Using
a model of a TKI, we demonstrate that the scaling laws
should be satisfied even in interacting models, and irre-
spective of whether the tuning energy parameter M is a
interacting or noninteracting term. Finally, the orbital
symmetry of 2D 2×2 Dirac models fixes the critical ex-
ponents of various quantities, as summarized in Table I,
allowing the notion of universality class to be introduced.
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Appendix A: Correspondence between correlation
length and edge-state decay length
Here, we elaborate the correspondence between the
correlation length ξ and the decay length of the edge
state in the topologically nontrivial state, using the well-
established analysis of Dirac Hamiltonians projected to
real space [30–35]. First, let us consider the 1D 2×2 Dirac
Hamiltonian discussed in Sec. II B. For a model described
by the gauge choice of Eq. (14) and defined in the x > 0
half-space, we aim at calculating the zero-energy edge
state whose wave function is localized near x = 0 and
satisfies, after replacing δk = −i∂x,
(d · σ)ψ = {−iAσy∂x + [(M −Mc)−B∂2x]σx}ψ = 0 .
(A1)
After multiplying this equation by σy, we see that the
wave function ψ = χηφ(x) is an eigenstate of σz, i.e.,
σzχη = ηχη with η = ±1. Using the ansatz for the spatial
dependence φ(x) ∝ e−x/ξ , we obtain the solutions
ξ−1± =
1
2
−ηA
B
±
√(
A
B
)2
+
4(M −Mc)
B
 . (A2)
The requirement of a positive decay length ξ−1+ + ξ
−1
− =
−ηA/B > 0 demands η = − sgn(A/B), i.e., the eigen-
value of χη depends on the sign of A/B. The longer of
the two, ξ−, represents the decay length of the edge state
which, when M →Mc, approaches
ξ− = − sgn(B(M −Mc))
∣∣∣∣ AM −Mc
∣∣∣∣ ≈ ξ . (A3)
One sees that the edge state only appears in the topo-
logically nontrivial state [35] B(M −Mc) < 0, and has a
decay length ξ− > 0 that coincides with the correlation
length in Eq. (17) when M →Mc.
One may further consider the edge state at the in-
terface between a topologically trivial and a nontrivial
state, i.e., M −Mc changes sign at the interface. This
can be easily obtained from the analysis in Eqs. (A1) to
(A3) by considering a 1D Dirac model in the real space
−∞ < x < ∞ that has a position dependent mass term
M(x) − Mc = M1θ(x) + M2θ(−x), where θ(x) is the
step function. M1 and M2 must have opposite sign, as
we shall see below. Using the ansatz for the zero-energy
edge state [34]
ψ ∝ χη exp
(
−η
∫ x
0
dx′
ξ(x′)
)
, (A4)
where σzχη = ηχη = ±χη, the same analysis leads to
Eq. (A2) with the replacement −ηA/B → −A/B. For
−A/B > 0, the longer one of the two solutions is
ξ−(x) = − sgn(B(M(x)−Mc))
∣∣∣∣ AM(x)−Mc
∣∣∣∣ ,
η =
{
− sgn(B(M(x)−Mc)) for x > 0
sgn(B(M(x)−Mc)) for x < 0
(A5)
The sign of η is chosen such that the multiple η/ξ− makes
the wave function in Eq. (A4) vanish at x = ±∞. Like-
wise, for −A/B < 0, the longer one is
ξ+(x) = sgn(B(M(x)−Mc))
∣∣∣∣ AM(x)−Mc
∣∣∣∣ ,
η =
{
sgn(B(M(x)−Mc)) for x > 0
− sgn(B(M(x)−Mc)) for x < 0
(A6)
For either case, one sees thatM(x)−Mc must be of oppo-
site sign between x > 0 and x < 0 to have the same value
of η, i.e., the edge state is in the same eigenstate of σz on
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both sides. Moreover, from Eqs. (A5) and (A6) one sees
that the edge-state decay length for both the topologi-
cally nontrivial side (B(M(x) −Mc) < 0) or the trivial
side (B(M(x)−Mc) > 0) coincides with the correlation
length in Eq. (17).
For the 2D 2×2 Dirac Hamiltonian discussed in
Sec. III B, the procedure is similar. Consider the model
defined in the half-space x > 0 of the 2D plane. We look
for the solution of the edge state at transverse momen-
tum δky = 0 and zero energy E = 0. Using δkx = −i∂x
leads to {− i (A1xσx +A2xσy) ∂x
+
[
(M −Mc)−Bx∂2x
]
σz
}
ψ = 0 .
(A7)
Performing a rotation of the {σx, σy} components by(
σx
σy
)
=
(
cos θ sin θ
− sin θ cos θ
)(
σ′x
σ′y
)
, (A8a)
θ = arctan
(−A2x
A1x
)
, (A8b)
leads to{−iAxσ′x∂x + [(M −Mc)−Bx∂2x]σ′z}ψ = 0 , (A9)
with Ax = A1x cos θ−A2x sin θ. Multiplying the equation
by σ′x, we see that the wave function is an eigenstate of
σ′y. The ansatz ψ ∝ χηe−x/ξ, with σ′yχη = ηχη and
η = ±1, leads to the same solution as in Eq. (A2) with
the replacement A → Ax and B → Bx. Demanding
ξ−1+ + ξ
−1
− = −ηAx/Bx > 0 yields η = − sgn(Ax/Bx), so
the eigenvalue of χη is determined by the sign of Ax/Bx.
At M →Mc, one has ξ− > ξ+, so the decay length is
ξ− ≈ − sgn [Bx(M −Mc)]
∣∣∣∣ AxM −Mc
∣∣∣∣ . (A10)
Hence, the zero-energy edge state, which only appears in
the band-inverted regime [35], where Bx(M −Mc) < 0,
has a decay length that coincides with the correlation
length in Eq. (33b) up to a multiplicative constant that
depends on the parameters of the Dirac Hamiltonian.
Note that for the simple models with A1y = A2x =
0, such as the simple model of a Chern insulator in
Sec. III B, the two length scales coincide ξ− ≈
√
2/3 ξx
as M → Mc. The edge state localized at the interface
between a topologically trivial and nontrivial state for
this 2D case can be calculated in the same fashion as in
Eqs. (A4) to (A6), and the same conclusion is obtained.
To address the edge state in the higher orbital sym-
metry Dirac model discussed in Sec. III C, we consider
Eq. (39) defined in half-space x > 0 such that φ = 0,
and solve the zero energy edge state in real space that
satisfies
(d · σ)ψ = [ηpσx (−i)p ∂px +Mσz]ψ = 0 . (A11)
Multiplying the equation by σx and using the wave func-
tion ψ = χηφ(x), where χη satisfies σyχη = ηχη = ±1
and φ(x) ∝ e−x/ξ, lead to
ξp =
ηp i
p−1
η M
. (A12)
The decay length is identifiable with the real part of one
of the roots ξloc = Re(ξ), in which the eigen value η is
chosen such that ξloc > 0. Comparing with Eq. (44),
the coincidence between correlation length and the edge
state decay length is evident.
[1] F. D. M. Haldane, Phys. Rev. Lett. 61, 2015 (1988).
[2] C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 146802
(2005).
[3] C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 226801
(2005).
[4] B. A. Bernevig, T. L. Hughes, and S.-C. Zhang, Science
314, 1757 (2006).
[5] M. König, S. Wiedmann, C. Brüne, A. Roth, H. Buh-
mann, L. W. Molenkamp, X.-L. Qi, and S.-C. Zhang,
Science 318, 766 (2007).
[6] A. Y. Kitaev, Phys. Usp. 44, 131 (2001).
[7] R. M. Lutchyn, J. D. Sau, and S. Das Sarma, Phys. Rev.
Lett. 105, 077001 (2010).
[8] Y. Oreg, G. Refael, and F. von Oppen, Phys. Rev. Lett.
105, 177002 (2010).
[9] V. Mourik, K. Zuo, S. M. Frolov, S. R. Plissard, E. P.
A. M. Bakkers, and L. P. Kouwenhoven, Science 336,
1003 (2012).
[10] J. Zak, Phys. Rev. Lett. 62, 2747 (1989).
[11] M. V. Berry, Proc. R. Soc. A 392, 45 (1984).
[12] D. Xiao, M.-C. Chang, and Q. Niu, Rev. Mod. Phys. 82,
1959 (2010).
[13] D. J. Thouless, M. Kohmoto, M. P. Nightingale, and
M. den Nijs, Phys. Rev. Lett. 49, 405 (1982).
[14] W. P. Su, J. R. Schrieffer, and A. J. Heeger, Phys. Rev.
Lett. 42, 1698 (1979).
[15] T.-P. Choy, J. M. Edge, A. R. Akhmerov, and C. W. J.
Beenakker, Phys. Rev. B 84, 195442 (2011).
[16] S. Nadj-Perge, I. K. Drozdov, B. A. Bernevig, and
A. Yazdani, Phys. Rev. B 88, 020407 (2013).
[17] B. Braunecker and P. Simon, Phys. Rev. Lett. 111,
147202 (2013).
[18] F. Pientka, L. I. Glazman, and F. von Oppen, Phys.
Rev. B 88, 155420 (2013).
[19] J. Klinovaja, P. Stano, A. Yazdani, and D. Loss, Phys.
Rev. Lett. 111, 186805 (2013).
[20] M. M. Vazifeh and M. Franz, Phys. Rev. Lett. 111,
206802 (2013).
[21] J. Röntynen and T. Ojanen, Phys. Rev. B 90, 180503
(2014).
[22] Y. Kim, M. Cheng, B. Bauer, R. M. Lutchyn, and
S. Das Sarma, Phys. Rev. B 90, 060401 (2014).
13
[23] N. Sedlmayr, J. M. Aguiar-Hualde, and C. Bena, Phys.
Rev. B 91, 115415 (2015).
[24] W. Chen and A. P. Schnyder, Phys. Rev. B 92, 214502
(2015).
[25] A. P. Schnyder, S. Ryu, A. Furusaki, and A. W. W.
Ludwig, Phys. Rev. B 78, 195125 (2008).
[26] A. Kitaev, AIP Conf. Proc. 1134, 22 (2009).
[27] W. Chen, J. Phys. Condens. Matter 28, 055601 (2016).
[28] W. Chen, M. Sigrist, and A. P. Schnyder, J. Phys. Con-
dens. Matter 28, 365501 (2016).
[29] S. Murakami, Physica E Low-Dimensional Systems and
Nanostructures 43, 748 (2011).
[30] M. König, H. Buhmann, L. W. Molenkamp, T. Hughes,
C.-X. Liu, X.-L. Qi, and S.-C. Zhang, J. Phys. Soc. Jpn.
77, 031007 (2008).
[31] B. Zhou, H.-Z. Lu, R.-L. Chu, S.-Q. Shen, and Q. Niu,
Phys. Rev. Lett. 101, 246807 (2008).
[32] J. Linder, T. Yokoyama, and A. Sudbø, Phys. Rev. B
80, 205401 (2009).
[33] H.-Z. Lu, W.-Y. Shan, W. Yao, Q. Niu, and S.-Q. Shen,
Phys. Rev. B 81, 115407 (2010).
[34] S.-Q. Shen, Topological Insulators: Dirac Equation in
Condensed Matters (Springer Series in Solid-State Sci-
ences), 2013th ed. (Springer, 2013).
[35] X.-L. Qi and S.-C. Zhang, Rev. Mod. Phys. 83, 1057
(2011).
[36] R. D. King-Smith and D. Vanderbilt, Phys. Rev. B 47,
1651 (1993).
[37] R. Resta, Rev. Mod. Phys. 66, 899 (1994).
[38] K. M. Rabe, C. H. Ahn, and J.-M. Triscone, eds., Physics
of Ferroelectrics: A Modern Perspective (Topics in Ap-
plied Physics) (Springer, 2007).
[39] B. A. Bernevig and T. L. Hughes, Topological Insula-
tors and Topological Superconductors (Princeton Univer-
sity Press, 2013).
[40] T. Thonhauser, D. Ceresoli, D. Vanderbilt, and R. Resta,
Phys. Rev. Lett. 95, 137205 (2005).
[41] D. Xiao, J. Shi, and Q. Niu, Phys. Rev. Lett. 95, 137204
(2005).
[42] D. Ceresoli, T. Thonhauser, D. Vanderbilt, and R. Resta,
Phys. Rev. B 74, 024408 (2006).
[43] J. Shi, G. Vignale, D. Xiao, and Q. Niu, Phys. Rev. Lett.
99, 197202 (2007).
[44] I. Souza and D. Vanderbilt, Phys. Rev. B 77, 054438
(2008).
[45] M. Legner, A. Rüegg, and M. Sigrist, Phys. Rev. B 89,
085110 (2014).
[46] N. Marzari and D. Vanderbilt, Phys. Rev. B 56, 12847
(1997).
[47] N. Marzari, A. A. Mostofi, J. R. Yates, I. Souza, and
D. Vanderbilt, Rev. Mod. Phys. 84, 1419 (2012).
[48] M. Gradhand, D. V. Fedorov, F. Pientka, P. Zahn, I. Mer-
tig, and B. L. Györffy, J. Phys. Condens. Matter 24,
213202 (2012).
[49] X. Wang, J. R. Yates, I. Souza, and D. Vanderbilt, Phys.
Rev. B 74, 195118 (2006).
[50] G. Jotzu, M. Messer, R. Desbuquois, M. Lebrat,
T. Uehlinger, D. Greif, and T. Esslinger, Nature 515,
237 (2014).
[51] D. A. Abanin, T. Kitagawa, I. Bloch, and E. Demler,
Phys. Rev. Lett. 110, 165304 (2013).
[52] L. Duca, T. Li, M. Reitter, I. Bloch, M. Schleier-Smith,
and U. Schneider, Science 347, 288 (2015).
[53] G. Xu, H. Weng, Z. Wang, X. Dai, and Z. Fang, Phys.
Rev. Lett. 107, 186806 (2011).
[54] C. Fang, M. J. Gilbert, X. Dai, and B. A. Bernevig,
Phys. Rev. Lett. 108, 266802 (2012).
[55] S. Banerjee and W. E. Pickett, Phys. Rev. B 86, 075124
(2012).
[56] B.-J. Yang and N. Nagaosa, Nat. Commun. 5, 4898
(2014).
[57] H.-H. Lai, Phys. Rev. B 91, 235131 (2015).
[58] S.-K. Jian and H. Yao, Phys. Rev. B 92, 045121 (2015).
[59] H. Huang, Z. Liu, H. Zhang, W. Duan, and D. Vander-
bilt, Phys. Rev. B 92, 161115 (2015).
[60] S. Das Sarma and E. H. Hwang, Phys. Rev. B 91, 195104
(2015).
[61] S.-M. Huang, S.-Y. Xu, I. Belopolski, C.-C. Lee,
G. Chang, T.-R. Chang, B. Wang, N. Alidoust, G. Bian,
M. Neupane, D. Sanchez, H. Zheng, H.-T. Jeng, A. Ban-
sil, T. Neupert, H. Lin, and M. Z. Hasan, Proc. Natl.
Acad. Sci. USA 113, 1180 (2016).
[62] P. K. Pyatkovskiy and T. Chakraborty, Phys. Rev. B 93,
085145 (2016).
[63] Q. Chen and G. A. Fiete, Phys. Rev. B 93, 155125 (2016).
[64] S. Ahn, E. H. Hwang, and H. Min, Sci. Rep. 6, 34023
(2016).
[65] M. Dzero, K. Sun, V. Galitski, and P. Coleman, Phys.
Rev. Lett. 104, 106408 (2010).
[66] G. Kotliar and A. E. Ruckenstein, Phys. Rev. Lett. 57,
1362 (1986).
[67] J. C. Y. Teo, L. Fu, and C. L. Kane, Phys. Rev. B 78,
045426 (2008).
[68] All other mirror-invariant planes are related to those
three planes by symmetry operations.
